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ABSTRACT

Fine-tuning Large Language Models (LLMs) with reinforcement learning (RL) has
become a key technique for enhancing performance on a wide range of tasks, from
user alignment to complex reasoning. However, this approach is often hindered
by the difficulty of fine-grained credit assignment, as it typically relies on sparse
rewards given only at the end of a completely generated sequence. Conventional
solutions often require training an auxiliary value network known as critic, which
introduces significant computational overhead and training instability. We present
Group-Normalized Implicit Value Optimization (GN-IVO), a novel, critic-free
algorithm that directly addresses this challenge. GN-IVO learns step-level values
implicitly from the policy through a group-normalized distributional matching
objective. This approach elegantly circumvents the need for an explicit critic and
avoids the computation of the intractable partition function by normalizing values
across a group of sampled model responses. Theoretically, we prove that our
objective recovers the true value function up to a constant, guaranteeing that the
optimal policy is preserved. We demonstrate the practical effectiveness of GN-IVO
on a diverse set of text generation and reasoning tasks, showing that it consistently
outperforms strong RL baselines for LLMs.

1 INTRODUCTION

Reinforcement Learning (RL) has emerged as a powerful paradigm for post-training Large Language
Models (LLMs) (Ouyang et al., 2022; Kumar et al., 2025). Its success is well-established across a
range of critical applications, from aligning model outputs with human preferences (Bai et al., 2022;
Rafailov et al., 2023) to enhancing their complex, multi-step reasoning abilities (Zelikman et al., 2024;
DeepSeek-AI, 2025). Yet, many RL approaches for LLMs (Rafailov et al., 2023; Ethayarajh et al.,
2024; Ahmadian et al., 2024) cast policy learning as a contextual bandit, where the entire generated
response is treated as a single action that is assigned a scalar score by a reward model. This formulation
clashes with the inherently sequential, long-horizon nature of both token-by-token generation and
step-by-step reasoning, in which intermediate decisions compound over time. Moreover, outcome-
only rewards yield a sparse and delayed learning signal, offering little guidance about which token or
step-level decisions drive the final quality. As a result, step-level credit assignment remains opaque,
suggesting that language generation should be treated as sequential decision making rather than a
one-shot bandit.

Recent works (Zeng et al., 2024; Wang et al., 2024; 2025) therefore model LLM generation as
a Markov Decision Process (MDP) to incorporate the sequential decision making. A common
approach is to enforce Bellman consistency and learn step-aware value estimates. In particular, Wang
et al. (2025); Liu et al. (2024) train policies within the soft Q-learning framework (Haarnoja et al.,
2017), parameterizing the policy as a Boltzmann distribution over Q-values with a partition function.
However, because the partition function must still be estimated, these methods retain an auxiliary
estimator. While this estimator can serve as a baseline for variance reduction in policy updates, this
introduces practical overhead; additional networks to train and tune, increased computational and
memory costs, and added complexity in the post-training pipeline. This trade-off, gaining step-aware
feedback at the expense of a more complex training procedure, motivates methods that enable effective
sequential learning without auxiliary networks or substantial engineering burden.
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In this work, we propose Group-Normalized Implicit Value Optimization (GN-IVO), an RL �ne-
tuning method that incorporates the sequential nature of language generation without requiring any
auxiliary network. We �rst generalize the canonical KL-regularized objective for LLMs to partial
sequence, deriving an explicit link between the policy and a soft value function. This value function
quanti�es the contribution of a partial sequence to the eventual outcome reward. To learn these
values, we introduce a group-normalized objective. For a given query, we sample a group of complete
responses and form a target distribution over them, proportional to their exponential rewards. We
then match this target with the normalized model's predicted values for the partial sequence. This
distributional matching forces the model to align its value predictions with the ground-truth relative
values. We prove that this objective recovers the true value function up to an additive constant, which
preserves the action preferences needed for the optimal policy. Finally, inspired by recent advances
like DPO (Rafailov et al., 2023) that bypass explicit reward models, we likewise bypass explicit value
function modeling by the direct policy-value relationship.

The result is a lightweight and direct optimization scheme that avoids computing the intractable
partition function: normalization within each sampled group cancels any additive constant including
the partition function. Thus, our method provides �ne-grained feedback on partial sequences without
incurring the overhead of training a separate value estimator. We validate the proposed approach on a
diverse set of text generation and reasoning tasks, including the Helpful assistant, TL;DR summa-
rization, prompt generation for text-to-image models tasks, and challenging reasoning benchmarks.
Across these scenarios, GN-IVO demonstrates its effectiveness in performance compared to standard
RL �ne-tuning methods for LLMs.

We summarize our main contributions as follows:

1. New Fine-Tuning Objective: We introduce Group-Normalized Implicit Value Optimization, a
novel RL objective that incorporates step-level feedback into LLM post-training. Our method
dispenses with any auxiliary value/critic model, instead using group-based normalization to infer
the relative value of partial sequences.

2. Theoretical Guarantee: We present a theoretical analysis showing that our normalized objective
learns the true value function up to a constant offset, which does not affect the optimal policy.
This result guarantees that optimizing our objective yields the same optimal policy as the original
RL problem, thereby ensuring policy optimality and consistency.

3. Empirical Validation: We demonstrate the effectiveness of our approach on multiple benchmarks,
including text generation and complex reasoning tasks. Our experiments show that the proposed
method achieves higher rewards than standard RL algorithms, highlighting its practical bene�t in
aligning LLMs with sparse feedback.

2 RELATED WORKS

Reinforcement Learning from Human Feedback (RLHF) LLMs are often aligned with human
preferences using RLHF, wherein a reward model trained on human feedback guides the policy
optimization. PPO (Schulman et al., 2017) has become the canonical algorithm in early large-scale
alignment works (Ouyang et al., 2022). Despite its success, PPO-based RLHF can be resource-
intensive and operationally complex. It typically requires keeping multiple models in memory, a
policy, a frozen reference model for KL control, a critic model, and a reward model. The performance
is also sensitive to hyperparameters due to high variance of the policy gradient estimates and
delayed outcome rewards. These challenges have motivated research into simpler �ne-tuning methods
that bypass the full RL machinery while aiming to preserve alignment quality. DPO (Rafailov
et al., 2023) reframes the KL-regularized objective as a supervised loss on preference-labeled data,
eliminating explicit reward model training, and thereby improving stability and computational
ef�ciency. Numerous extensions build on this paradigm (Maeng et al., 2025; Qi et al., 2024). Distinct
from these preference-based methods, DRO (Richemond et al., 2024) addresses scenarios where
feedback is provided as a score for each completion, rather than as a pairwise preference. To handle
this format, DRO incorporates the Soft Bellman equation into a bandit-setting objective, effectively
learning from direct reward labels. BRAIN (Pandey et al., 2024) formulates RLHF as a distribution-
matching problem between the target and learned policies, proposing a self-normalized baseline to
reduce variance. However, DPO, DRO, BRAIN and most of their variants formulate the generation
task as a bandit problem where generating a completion is considered a single action that receives a
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single reward. This formulation obscures the sequential structure of language generation, thereby
limiting performance on long-horizon tasks such as mathematical reasoning (Yuan et al., 2025).

Reinforcement Learning for LLM Reasoning Beyond human preference alignment, recent works
have explored RL to improve LLMs' reasoning abilities, which require generating long chains of
intermediate steps. Such training imposes a substantial memory demand due to long generated
trajectories, even when the base model is modest in size. Since the critic network adds to this
memory cost, a key research direction has been to develop approaches that remove explicit value
function learning in policy-gradient methods. For instance, GRPO (Shao et al., 2024) is a variant of
PPO that dispenses with a learned critic and instead computes advantages from group-wise return
statistics within each batch. By using the average return from a group of trajectories as a baseline,
GRPO signi�cantly reduces memory overhead while maintaining training stability. In a similar vein,
RLOO (Ahmadian et al., 2024) extends REINFORCE with a leave-one-out baseline. It computes
the advantage of each response by comparing its reward to the average reward of others in the
group, thereby reducing variance without requiring a separate value predictor. Despite their improved
memory-ef�ciency, methods like GRPO and RLOO still treat the entire generated sequence as a
single action. By doing so, they fail to model the internal structure of multi-step reasoning and assign
credit equally across all tokens based on a single, �nal reward. This simplistic treatment overlooks the
chain-of-thought or stepwise dependencies within complex reasoning processes, making it dif�cult to
pinpoint which parts of the generation led to a successful outcome. Recently, OREO (Wang et al.,
2025) and DQO (Liu et al., 2024) have formulated reasoning steps as an MDP, employing soft
Q-learning to learn the policy. However, the Bellman error minimization requires an additional value
network, making the training procedure complex and memory-inef�cient, which hinders scalability.

To bridge this gap, we introduce Group-Normalized Implicit Value Optimization (GN-IVO), a method
designed to be both sequential and critic-free. Similar to GRPO and RLOO, GN-IVO utilizes a group
of K samples to remain critic-free. However, a key difference lies in how these samples are used:
whereas GRPO computes advantages using batch statistics, GN-IVO uses the samples to form a group
distributional matching objective. At the same time, and in spirit of OREO and DQO, our method
explicitly models the step-by-step nature of generation to enable �ne-grained credit assignment.

3 METHOD

3.1 BACKGROUND: KL-REGULARIZED POLICY OPTIMIZATION

KL-regularized policy optimization is a widely used approach for re�ning language model policies.
The goal is to train a policy� � that maximizes the expected reward while staying close to a reference
policy � � old , which is often the supervised �ne-tuned (SFT) model that we start with. This objective
is formalized as:

max
�

Ex�D;y�� � (�jx)

�
R(x; y) � � log

� � (yjx)
� � old (yjx)

�
(1)

wherex is a query sampled from the datasetD, andy is a completion generated by the policy� � .
The functionR(x; y) assigns a scalar reward to the completiony for a given queryx, and� � 0 is a
temperature coef�cient. The optimal policy �� � for Eq. 1 has a known closed-form solution:

� � � (yjx) =
� � old (yjx)eR(x;y)=�

Z(x)
(2)

whereZ(x) = E � � old (yjx) [eR(x;y)=� ] serves as the partition function to ensure the distribution is
normalized. While the formulation in Eq. 1 is standard for RL post-training of LLMs, it relies on a
single reward R(x; y) assigned to the entire generated sequence y.

However, this single reward for the entire sequence provides a weak credit assignment signal. Given
the autoregressive, token-by-token generation process of language models, a more granular credit-
assignment scheme is warranted. We therefore reformulate the objective to incorporate expected
rewards at each timestep, enabling denser supervision.
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3.2 LEARNING STEP-LEVEL VALUES VIA GROUP NORMALIZATION

Our �rst key theoretical result establishes that the relationship in Eq. 2 extends to arbitrary sequence
pre�xes. Let y = (y 0; � � � ; yT �1 ) be any sequence of lengthT, whereyt denotes the token or
reasoning step at timestep t.1

Theorem 3.1. Suppose that� � � and� � old are autoregressive policies that generate sequences token-
by-token, and that satisfy Eq. 2 for complete responsey. For anyt 2 f1; � � � Tg , let y<t := y 0:t
denote the length-t pre�x. Then, y<t distributions of these policies satisfy:

� � � (y<t jx) =
� � old (y<t jx)eV (x;y <t )

Z(x)
(3)

where a soft value functionV (x; y<t ), which represents the expected future reward fromy<t , is
de�ned as:

V (x; y<t ) :=

(
R(x; y)=� t = T;
log E� � old (yjy <t ;x) [eR(x;y)=� ] t < T:

(4)

While distributions over partial sequences are typically hard to analyze, Theorem 3.1 reveals an
exact analytical form for� � � (y<t jx) with V (x; y<t ). The value functionV (x; y<t ) provides a formal
solution to the temporal credit assignment problem by quantifying the expected achievable reward
given the tokens generated so far,y<t . It allows the model to attribute the �nal monolithic reward
back to each intermediate decision, enabling granular policy optimization.

The challenge of evaluating the partition function While the soft value function from Theorem 3.1
can be modeled with an auxiliary networkV , doing so adds complexity and computational cost.
Inspired by DPO (Rafailov et al., 2023) that bypasses an explicit reward model, we instead pursue
a direct policy objective that avoids explicit value modeling. By rearranging Eq. 3, we can express
the value function implicitly in terms of a policy ratio, which allows us to reframe value �tting as a
policy optimization problem:

V (x; y<t ) = log Z(x) + log
� � � (y<t jx)
� � old (y<t jx)

: (5)

A natural starting point for policy training loss is to minimize the mean-squared error (MSE) between
the policy-de�ned value (Eq. 5) and the ground-truth value function (Eq. 4). Substituting our trainable
policy � � for the unknown optimal policy �� � yields the following loss function:

L MSE(Z; �) =
�

log Z(x) + log
� � (y<t jx)

� � old (y<t jx)
� log E y�� � old (�jy <t ;x) [eR(x;y)=� ]

� 2

: (6)

A practical dif�culty in Eq. 6, however, is the presence of the partition functionZ(x) . Its computation
requires marginalizing over all possible sequences under� � old , which is intractable. While this term
can be approximated with an auxiliary network,Z � (x) , doing so introduces additional complexity
and potential instability. This motivates a different approach that circumvents the need to estimate the
partition function entirely.

The group-normalized objective To avoid an auxiliary network for the partition function, we
propose a group-normalized objective for value estimation. The key insight is that for a �xed query
x, the partition functionZ(x) is a constant across all candidate responses. By normalizing values
over a sampled group of candidates, any shared constant includinglog Z(x) cancels out, making its
explicit estimation unnecessary. We �rst develop this objective for an explicit estimator,V (�) , before
extending it to implicit, policy-only training.

The procedure starts by sampling a group ofK > 1 i.i.d. completions,fy (i) gK�1
i=0 , from � � old (�jx) .

For a set of pre�xesfy (i)
<t gK�1

i=0 at a randomly sampled timestept � T 2, we propose the training

1We consider two types ofyt . For general text generation,yt is a single token,yt = w t 2 V . For reasoning
tasks,yt denotes a complete reasoning step represented as a token subsequenceyt = (w t 0 ; � � � ; w t l t�1

) with
l t � 1.

2We assume allK completions have the same lengthT after right-padding with[PAD] tokens. This is a
mild assumption, as sequences are typically padded to a �xed maximum length in practice. Both the policy and
reward models are designed to ignore padded positions, ensuring rewards are unaffected.
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objective given by:

min
V 

E x�D;t�Uf1;:::T g;

y (0:K) ;y (0:K)
<t �� � old (�jx)

2

4�
K�1X

i=0

eR(x;y (i) )=� log
eV (x;y (i)

<t )

P K�1
j=0 eV (x;y (j)

<t )

3

5 : (7)

Intuitively, this objective trains V to assign higher values to those y<t that are likely to extend into
high-reward outcomes. Considering the de�nition ofV (x; y<t ) and the tower property, our objective
is equivalent to minimizing a weighted group cross-entropy:

min
V 

Ex�D;t�Uf1;:::T g;

y (0:K)
<t �� � old (�jx)

2

4(
K�1X

j=0

eV (x;y (j)
<t ) ) � �

K�1X

i=0

eV (x;y (i)
<t )

P K�1
j=0 eV (x;y (j)

<t )
log

eV (x;y (i)
<t )

P K�1
j=0 eV (x;y (j)

<t )

3

5 :

This equivalence reveals that the objective Eq. 7 frames the learning problem as one of distributional
matching between two distributions de�ned over the group: (i) a target distribution derived from the
normalized, exponential true valuesV , and (ii) a model distribution derived from the normalized,
exponential estimated values of our learnable functionV . From this observation, the following
theorem establishes that the optimal solution to Eq. 7 recovers the true value function up to a constant
offset.

Theorem 3.2 (Consistency up to constant shift). Assume unlimited model capacity and data. For any
K > 1 andt 2 f1; � � � ; Tg , the minimizerV � of Eq. 7 recovers the soft value functionV of Eq. 4
up to an additive, y<t -independent offset Ct (x):

V � (x; y<t ) = V (x; y <t ) + log C t (x);

equivalently eV � (x;y <t ) = C t (x)eV (x;y <t ) .

This additive offset does not affect the resulting optimal policy, as in the following corollary.

Corollary 3.3 (Policy invariance to additive shifts). For any positive scalarCt (x) , let V 0(x; y<t ) =
V (x; y<t ) + log C t (x). The optimal policy for V0 remains the same as the optimal policy for V .

Taken together, these results guarantee that the optimal policy derived from our learned value function
V � is identical to the one obtained from the true value functionV . The proofs are provided in
Appendix A.

3.3 GROUP-NORMALIZED IMPLICIT VALUE OPTIMIZATION

The key step toward our �nal, a critic-free objective, is to eliminate the explicit value functionV 
entirely. Instead of training a separate network, we leverage the policy-value link from Theorem 3.2
by substituting the value term in Eq. 7 with its implicit, policy-de�ned equivalent.

From Theorem 3.2, we know that the optimal value functionV � is equivalent to the true valueV
up to a constant (eV � = C t eV ). We can combine this with the policy-value link from Eq. 3, which
states� � � (y<t jx) / � � old (y<t jx)eV (x;y <t ) . Together, these relationships allow us to express the
exponential value function directly in terms of the policy:

eV � (x;y <t ) = C t (x)Z(x)
� � � (y<t jx)
� � old (y<t jx)

: (8)

We now substitute this policy-de�ned expression for the exponential value function back into the
model's predicted distribution within our objective (Eq. 7). The model's distribution is a softmax over
the group ofK sampled values. By replacing eachexp(V ) term with its policy-de�ned equivalent
from Eq. 8, the shared multiplicative termsCt (x) andZ(x) cancel out from the numerator and
denominator of the softmax operation:

exp(V (y (i)
<t ))

P
j exp(V (y (j)

<t ))
�!

� � � � �
Ct (x)Z(x) � � (y (i)

<t jx)

� � old (y (i)
<t jx)

P K�1
j=0 � � � � �

Ct (x)Z(x) � � (y (j)
<t jx)

� � old (y (j)
<t jx)

=

� � (y (i)
<t jx)

� � old (y (i)
<t jx)

P K�1
j=0

� � (y (j)
<t jx)

� � old (y (j)
<t jx)

:

5



Published as a conference paper at ICLR 2026

This leads to our �nal, critic-free objective:

L GN-IVO(�)=E x�D;t�Uf1;:::T g;
y (0:K) �� � old (�jx)

2

4�
K�1X

i=0

eR(x;y (i) )=�

0

@log
� � (y (i)

<t jx)

� � old (y (i)
<t jx)

�log
K�1X

j=0

� � (y (j)
<t jx)

� � old (y (j)
<t jx)

1

A

3

5 :

(9)

In our practical implementation, we replaceeR(x;y (i) )=� with the group-normalized weight
eR(x;y (i) )=�

P K�1
j=0 eR(x;y (j) )=�

for stability.

Training procedure The training procedure for our algorithm follows the iterative scheme detailed
in Algorithm 1. Each training iteration consists of data generation, reward evaluation, and policy
optimization. First, we sample a batch of queriesx from the datasetD. For each query, we generate a
set ofK distinct responses by sampling from� � old , which is a frozen copy of the policy from the
previous iteration. Next, each of theseK full-sequence responses is evaluated by the reward function
R(x; y) to obtain a scalar reward. Finally, these queries, responses, and rewards are used to perform a
gradient update on the policy parameter� by minimizing Eq. 9. After the policy� � has been updated,
� � old is updated to match �� for data generation in the next iteration.

Algorithm 1 Group-Normalized Implicit Value Optimization
Input: Reward function R, learning rate �, the policy �� and set �� old  � �
for iterations do

Sample a query x � D and generate K responses y(0:K) � � � old (�jx)
Evaluate reward R(x; y(i) ) for all i 2 f0; : : : ; K�1g
Update � by optimizing the following loss in Eq. 9, �  � � �r � L GN-IVO(�)
� � old  � �

end for

4 EXPERIMENTS

We evaluate our method on a diverse range of reasoning and text generation tasks. These evalua-
tions include mathematical problem-solving with reasoning steps as well as open-ended language
generation. The text generation tasks encompass creating helpful assistant responses, summarizing
Reddit posts, and generating prompts for text-to-image models. Furthermore, we conduct a sensitivity
analysis on hyperparameters.

4.1 MATHEMATICAL REASONING

This task assesses a model's ability to solve math problems that require multi-step reasoning, including
generating intermediate derivations and the �nal answer.

Experiment setup For RL training on mathematical reasoning, we use the MATH
dataset (Hendrycks et al., 2021) and employ Qwen2.5-Math-7B (Yang et al., 2024a) and Llama-
3.1-8B-Instruct (Meta-AI., 2024) as backbone models. Input prompts include an instruction and
few-shot examples to elicit step-by-step derivations, where each step is explicitly marked with a label
(e.g. step1, step2). In this setting, we de�neyt as a single reasoning step; thus,yt is a sequence of
tokens that forms a complete step, andT is the total number of reasoning steps in the solution. The
reward function is composed of two components, one for the correctness of the �nal answer and the
other for adherence to the speci�ed format. We evaluate performance on widely used mathematical
reasoning benchmarks, including AMC 2023 (of Problem Solving, b), Minerva Math (Lewkowycz
et al., 2022), Olympiad-Bench (He et al., 2024), and AIME 2024/2025 (of Problem Solving, a). These
benchmarks cover a wide range of dif�culties and reasoning depths, from competition-style problems
to graduate-level questions. Further details are provided in the Appendix C.

Metrics and decoding We report performance using the Pass@1 and Pass@3 metric. For Pass@1,
we generate responses via greedy decoding. For Pass@3, we sample three completions for each
problem using a temperature of0:7. For all evaluations, we utilize themath-verify library to perform
answer extraction and equivalence checking.
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Table 1: Comparison of our method against baselines on the math reasoning task. The Pass@3 (P@3)
metric is calculated over three trials per query. Bold andunderlineindicate the best and second-best
results, respectively.

AMC2023 Minerva Math Olympiad-Bench AIME2024 AIME2025
Method

P@1 P@3 P@1 P@3 P@1 P@3 P@1 P@3 P@1 P@3

Llama-3.1-8B-Instruct 27.5 37.5 25.7 32.7 15.6 24.2 3.3 10.0 0.0 0.0
SFT-winning 27.5 35.0 24.2 35.6 16.0 27.1 6.6 6.6 0.0 0.0
Online DPO 22.5 33.1 25.3 30.5 15.1 26.2 3.3 13.3 0.0 0.0
PPO 25.0 35.0 21.7 34.9 15.7 26.2 3.3 16.6 3.3 0.0
DRO 22.5 35.0 23.1 33.8 15.5 25.6 3.3 0.0 0.0 6.6
OREO 27.5 32.5 25.7 35.3 15.7 26.8 3.3 6.6 0.0 6.6
RLOO 35.0 40.0 26.1 34.1 17.9 26.1 6.6 16.6 0.0 0.0
GRPO 35.0 37.5 25.3 35.3 18.8 25.3 6.6 16.6 3.3 0.0

Ours 42.5 45.0 26.1 36.0 17.3 27.8 10.0 16.6 3.3 3.3

Qwen2.5-Math-7B 52.5 70.0 27.0 36.0 37.7 46.2 23.0 26.6 6.6 13.3
SFT-winning 57.5 62.5 30.5 36.0 38.8 49.0 23.3 26.6 13.3 13.3
Online DPO 57.5 70.0 27.2 37.1 36.2 49.2 23.3 30.0 10.0 13.3
PPO 47.5 67.5 28.3 37.8 38.6 49.0 23.3 30.0 10.013.3
DRO 55.0 67.5 31.2 37.1 37.7 48.7 23.3 33.3 10.0 13.3
OREO 55.0 70.0 31.6 38.6 38.5 49.1 16.6 30.0 10.013.3
RLOO 57.5 72.5 30.1 40.4 38.8 48.8 23.3 36.6 13.3 16.6
GRPO 60.0 70.0 29.7 37.8 39.2 49.4 26.6 33.3 6.6 13.3

Ours 62.5 75.0 31.6 41.9 39.8 49.0 30.0 40.0 13.3 23.3

Baselines We compare our proposed method against the following baseline algorithms:

• SFT-winning generates two responses for each query and performs supervised �ne-tuning on the
response with the higher reward.

• Online DPO (Qi et al., 2024) extends DPO to an online setting. In each iteration, it generates two
responses for each query, designates them as the winner and the loser based on their rewards, and
uses this pair to compute the DPO loss in the policy update.

• PPO (Schulman et al., 2017; Ouyang et al., 2022) generates a single completion for each query
and performs clipped policy-gradient updates using advantages computed by a critic network.

• DRO (Richemond et al., 2024) is a soft Q-learning algorithm adapted to the bandit setting. It
generates a single completion for each query and trains a value network via the soft Bellman
equation. Policy updates are then derived from this value network.

• OREO (Wang et al., 2025) is a sequential extension of DRO that uses soft Q-learning to train a
step-level value network. This network then guides the generation process at each step.

• RLOO (Ahmadian et al., 2024) is a REINFORCE-style policy gradient method that employs a
leave-one-out estimation for advantages. It generatesK responses for each query, and the rewards
from this group are used to compute the leave-one-out advantage.

• GRPO (Shao et al., 2024) is a PPO-style method that uses the group mean as a baseline for
advantage estimation. It generatesK responses for each query, and the mean and standard-deviation
of their rewards are used to compute the advantages.

We use the same group size (K) for GRPO, RLOO and our method across all experiments.

Experimental results The results are summarized in Table 1. Overall, our algorithm delivers
consistent gains over strong RL and preference-learning baselines, and these improvements transfer
across both model backbones. The performance differences can be explained in terms of each method's
approach. Methods that rely on an explicit value network, such as PPO, DRO, and OREO, showed
limited improvement. While OREO models the task sequentially, its performance is likely constrained
by the dif�culty of accurately estimating value functions for long-range reasoning tasks. Similarly,
Online DPO and Rejection Sampling, which use only two samples per query, also struggled. This is
because in complex reasoning where most responses are incorrect, a simple pairwise preference signal
provides an insuf�cient learning signal. In contrast, the methods that showed the most signi�cant
improvements, RLOO, GRPO, and our algorithm, all use a larger group of samples, thereby providing
a meaningful learning signal. Among them, our algorithm consistently shows the best performance
on most of the tasks. This is because our algorithm combines the bene�ts of a group-based signal
with the �ne-grained credit assignment of a sequential model, a feature lacking in other bandit-based
methods.
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Figure 1: Training curves for our methods and baselines on the Llama-3.2-3B-Instruct model. The
solid lines represent the mean reward, while the shaded regions indicate the standard deviation
calculated over three random seeds.

4.2 TEXT GENERATION

We evaluate on three distinct text generation tasks: (1) Helpful assistant, (2) TL;DR summarization,
and (3) Prompt generation for text-to-image models. For the Helpful assistant task, the model must
generate responses that are both helpful and harmless, with rewards capturing human preferences for
such responses. For the TL;DR summarization, the model is required to produce a concise summary
of a given Reddit post. In the Prompt generation, the objective is to create a text prompt that guides a
text-to-image model to generate an image in a speci�ed artistic style.

Experiment setup Our experiments utilize two base models: Qwen2.5-1.5B-Instruct (Yang et al.,
2024a) and Llama-3.2-3B-Instruct (Meta-AI., 2024). In these text generation tasks, the number of
timestepsT corresponds to the sequence length. For the Helpful assistant task, we train on the
Anthropic HH-RLHF (Bai et al., 2022) dataset and score responses using publicly available reward
models from huggingface that assess helpfulness and harmlessness. For the TL;DR summarization,
we use the TL;DR dataset (Stiennon et al., 2020) and evaluate the outputs using a publicly released
model trained to assess summary quality. Finally, for the Prompt generation task, the model is given
contextual instructions, such as an animal activity and a designated artistic style. The reward is
calculated using the CLIP text–image similarity score between the generated prompt and the style
reference images. Further details on dataset construction and the speci�c reward models used are
provided in the Appendix C.

Metrics and decoding We report performance using two average reward metrics, Avg@1 and
Avg@3. The Avg@1 score is calculated using greedy decoding. To compute Avg@3, we sample
three completions for each query with a temperature of 0:7 and report the average of their rewards.

Experimental results We evaluate our primary sequential algorithm, where the number of steps
T is the sequence length, alongside a one-step variant that treats the full generated sequence as a
single step. Since OREO is a sequential extension of the DRO framework, we implement it with a
token-level critic akin to that used in PPO. Training curves and �nal results are presented in Figure 1
and Table 2, respectively. Generally, algorithms that useK samples per query outperform those using
a single sample. While methods using multipleK samples are typically superior, even our one-step
variant outperforms policy-gradient baselines like GRPO and RLOO. This result indicates that our
group-normalized objective provides a more effective learning signal than standard policy-gradient
estimation.

Our sequential algorithm generally outperforms its one-step variant across all tasks, except for
summarization with Llama-3.2-3B-Instruct where performance is comparable due to the required
short outputs. In contrast, we observe an opposite trend among DRO and OREO, where DRO typically
outperforms OREO. We attribute this discrepancy to the challenge of training an accurate per-timestep
value network for OREO, as an inaccurate critic can degrade policy performance. Because our method
does not rely on an explicit auxiliary network, it successfully leverages the bene�ts of �ne-grained
credit assignment without being exposed to this pitfall.
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Table 2: Comparison of our methods against baselines on three text generation tasks. For each method,
we run three random seeds and report the best scores on the test set across seeds. For Avg@3, we report
the mean with std. over three repeated trials per query in the same model. GM denotes the geometric mean of
Avg@1 across the three tasks. Bold andunderlineindicate the best and the second-best accuracy for each task,
respectively.

Helpful assistant TL;DR summarization Prompt generation
Method

Avg@1 Avg@3 Avg@1 Avg@3 Avg@1 Avg@3
GM

Qwen2.5-1.5B-Instruct
SFT-winning 0.375 0.375 (0.001) -0.710 -0.729 (0.008) 0.342 0.329 (0.004) -0.450
Online DPO 1.271 1.260 (0.005) 0.998 0.660 (0.016) 0.381 0.381(0.000) 0.786
PPO 0.875 0.846 (0.003) 1.393 1.320 (0.015) 0.274 0.269 (0.005) 0.694
DRO 1.174 1.146 (0.007) 1.831 1.725 (0.015) 0.369 0.363 (0.004) 0.926
OREO 0.721 0.733 (0.002) 1.633 1.362 (0.033) 0.261 0.259 (0.003) 0.675
RLOO 1.120 1.043 (0.001) 2.466 2.423 (0.003) 0.319 0.311 (0.005) 1.004
GRPO 1.594 1.506(0.014) 1.151 1.086 (0.021) 0.367 0.367 (0.000) 0.876

Ours (one-step) 1.446 1.389 (0.005) 2.148 2.108 (0.024) 0.379 0.372 (0.001) 1.056
Ours 1.650 1.628 (0.009) 2.418 2.359(0.024) 0.383 0.382 (0.001) 1.152

Llama-3.2-3B-Instruct
SFT-winning 0.819 0.819 (0.010) 0.603 0.897 (0.011) 0.354 0.354 (0.001) 0.640
Online DPO 1.064 0.974 (0.008) 2.907 2.884 (0.005) 0.372 0.372(0.000) 1.066
PPO 0.867 0.854 (0.013) 2.807 2.748 (0.016) 0.287 0.285 (0.002) 0.887
DRO 1.317 1.295 (0.002) 3.104 3.099 (0.008) 0.350 0.345 (0.002) 1.082
OREO 0.881 0.864 (0.008) 2.715 2.649 (0.018) 0.291 0.288 (0.005) 0.886
RLOO 1.528 1.262 (0.004) 3.181 3.116 (0.008) 0.349 0.345 (0.002) 1.193
GRPO 2.013 1.996 (0.013) 2.337 2.316 (0.001) 0.358 0.346 (0.005) 1.154

Ours (one-step) 2.562 2.555(0.002) 3.398 3.334 (0.007) 0.371 0.367 (0.001) 1.478
Ours 3.370 3.281 (0.005) 3.347 3.330(0.013) 0.384 0.382 (0.001) 1.630

4.3 ANALYSIS ON HYPERPARAMETERS

Figure 2: Analysis on hyperparameters

The group sizeK We analyze the
impact of the group sizeK , a key
hyperparameter for both our method
and GRPO, using the Qwen2.5-1.5B-
Instruct model evaluated on the An-
thropic HH-RLHF dataset. As illus-
trated in Figure 2.(a), the results show
a clear trend: performance improves
as K increases in both approaches.
This behavior is expected, as our ob-
jective relies on the set ofK samples
to form an empirical target distribu-
tion. With a smallK , this distribution
is a noisy approximation of the true value landscape over all possible responses. AsK grows, however,
the target distribution more accurately re�ects the relative ranking of responses within the group. This
provides a more precise learning signal, allowing the model to learn a better value approximation.
Notably, the performance gap between our method and GRPO is most pronounced when the group
size is small, particularly atK = 2 . This demonstrates that our algorithm is effective even in the
small group size.

The temperature coef�cient � We also analyze the impact of the temperature coef�cient� ,
which controls the scale of rewards. The target distribution is formed with these scaled rewards,
softmax(R=�) , where a smaller� yields a sharper distribution. Conversely, a larger� makes the
distribution softer and more uniform, reducing the distinction between responses with high and
low rewards. We conduct experiments with� 2 f0:1; 0:2; 0:5; 1:0g , and the results are illustrated
in Figure 2.(b). We observe that the model reaches higher rewards with lower temperature values
(� = 0:1; 0:2).

In contrast, for higher values such as� = 0:5 and1:0, the models ultimately yields lower rewards.
This is because a more uniform target distribution provides a weaker and less discriminative signal
over the group. As a result, the policy assigns comparable probability mass to both superior and
mediocre responses, rather than differentiating them.
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5 CONCLUSION

We presented GN-IVO, a novel, critic-free RL algorithm for language models. Its core contribution is
a group-normalized, distributional matching objective that learns step-level values implicitly from
the policy itself, thereby bypassing the need for an explicit critic and its associated complexities.
GN-IVO is theoretically grounded and demonstrates strong empirical performance on a diverse set
of tasks. A promising future direction is to apply our framework to other generative models beyond
language, such as for the �ne-tuning of diffusion models.

THE USE OF LARGE LANGUAGE MODELS (LLMS)

LLMs were used to improve the clarity and readability of the text. Furthermore, they were utilized
in the software development process for debugging code and identifying programming errors. All
content generated by LLMs was critically reviewed and edited by the authors.
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A PROOFS

Proof of Theorem 3.1.We consider the processx 7! y = (y 0; � � � ; yT �1 ) with rewardR(x; y) ,
where the parameterized policy� � (yjx) is autoregressive model from the� � (yt jy<t ; x) (t 2
f1; : : : ; Tg). We claim that the optimal parameterized policy� � � (yjx) of this process (Eq. 2) deter-
mines the autoregressive policy �� � (yt jy<t ; x) as follows.

� � � (y<t jx) =
X

y

� � � (y<t jy; x)� � � (yjx)

=
X

y

� � � (y<t jy; x)� � old (yjx)
eR(x;y)=�

Z(x)
(Eq. 2)

=
X

y

� � old (y<t jy; x)� � old (yjx)
eR(x;y)=�

Z(x)
(� f� old ;� � g(y<t jy; x) = �(y <t ; y[: t]))

=
X

y

� � old (y<t jx)� � old (yjy<t ; x)
eR(x;y)=�

Z(x)

=
� � old (y<t jx)

Z(x)

X

y

� � old (yjy<t ; x)eR(x;y)=�

| {z }
=e V (x;y <t )

=
� � old (y<t jx)

Z(x)
eV (x;y <t ) :

Therefore, as Theorem 3.1 suggests, the optimal autoregressive policy� � � (y<t jx) is a reweighted
policy by an exponential soft value function V (x; y<t ).

Proof of Theorem 3.2. The proof begins with the objective function de�ned in Eq. 7:

min
V 

E x�D;t�Uf1;:::T g;

y (0:K) ;y (0:K)
<t �� joint

� old
(�jx)

2

4�
K�1X

i=0

eR(x;y (i) )=� log
eV (x;y (i)

<t )

P K�1
j=0 eV (x;y (j)

<t )

3

5 :

By applying the law of total expectation and decomposing the joint probability� � old (y<t ; yjx) into
� � old (y<t jx)� � old (yjy<t ; x), we can rewrite the expectation as:

min
V 

Ex�D;t�Uf1;:::;T g;

y (0:K)
<t �� � old (�jx)

2

4�
K�1X

i=0

E� � old (y (i) jy (i)
<t ;x)

h
eR(x;y (i) )=�

i
log

eV (x;y (i)
<t )

P K�1
j=0 eV (x;y (j)

<t )

3

5 :

By de�nition, the soft value function satis�eseV (x;y (i)
<t ) = E � � old (y (i) jy (i)

<t ;x)

h
eR(x;y (i) )=�

i
. Substitut-

ing this into the objective yields:

min
V 

Ex�D;t�Uf1;:::;T g;

y (0:K)
<t �� � old (�jx)

2

4�
K�1X

i=0

eV (x;y (i)
<t ) log

eV (x;y (i)
<t )

P K�1
j=0 eV (x;y (j)

<t )

3

5 :

To reveal the underlying structure, we can rewrite the expression as a weighted cross-entropy, which
is equivalent to the objective in Eq. 3.2:

min
V 

Ex�D;t�Uf1;:::;T g;

y (0:K)
<t �� � old (�jx)

2

4�

0

@
K�1X

j=0

eV (x;y (j)
<t )

1

A
K�1X

i=0

eV (x;y (i)
<t )

P K�1
j=0 eV (x;y (j)

<t )
log

eV (x;y (i)
<t )

P K�1
j=0 eV (x;y (j)

<t )

3

5 :

For clarity, let us de�ne two discrete probability distributions over the indices i = 0; : : : ; K � 1:

pi (x; y (0:K)
<t ) :=

eV (x;y (i)
<t )

P K�1
j=0 eV (x;y (j)

<t )
and q ;i (x; y (0:K)

<t ) :=
eV (x;y (i)

<t )

P K�1
j=0 eV (x;y (j)

<t )
:
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Letting A(x; y (0:K)
<t ) :=

P K�1
j=0 eV (x;y (j)

<t ) , we can express the objective as:

min
 

Et;� � old (y (0:K)
<t jx)

"

�A(x; y (0:K)
<t )

K�1X

i=0

pi (x; y (0:K)
<t ) log q ;i (x; y (0:K)

<t )

#

:

The term inside the expectation is a positive scaling factorA(�) multiplied by the negative cross-
entropy between distributionsp andq. By Gibbs' inequality, this term is minimized when the two
distributions are identical:

�A(�)
K�1X

i=0

pi (�) log q ;i (�) � �A(�)
K�1X

i=0

pi (�) log pi (�):

The minimum is achieved whenq ;i (x; y (0:K)
<t ) = p i (x; y (0:K)

<t ) for all i = 0; : : : ; K � 1 . Assuming
suf�cient model capacity and data, the optimal parameters  � will satisfy this equality:

eV � (x;y (i)
<t )

P K�1
j=0 eV � (x;y (j)

<t )
=

eV (x;y (i)
<t )

P K�1
j=0 eV (x;y (j)

<t )
;

for any set of samplesfy (i)
<t gK�1

i=0 from the support of� � old (�jx) . This implies that for any pair of
indices i; k 2 f0; : : : ; K � 1g, the ratio of the exponentiated value functions is constant:

eV � (x;y (i)
<t )

eV (x;y (i)
<t )

=
eV � (x;y (k)

<t )

eV (x;y (k)
<t )

=

P K�1
j=0 eV � (x;y (j)

<t )

P K�1
j=0 eV (x;y (j)

<t )
=: ~Ct (x; y (0:K)

<t ):

The term ~Ct is constant for a given set of samplesfy (j)
<t gK�1

j=0 . We now show that this constant is
independent of the particular choice of samples and can be written asCt (x) . Consider any two partial
sequencesy0

<t andy00
<t in the support of� � old (�jx) . We can construct a set of samplesfy (j)

<t gK�1
j=0

that includes both, for instance by settingy(0)
<t = y 0

<t andy(1)
<t = y 00

<t . Applying the result above with
i = 0 and k = 1 gives:

eV � (x;y 0
<t )

eV (x;y 0
<t )

=
eV � (x;y 00

<t )

eV (x;y 00
<t )

:

Sincey0
<t andy00

<t are arbitrary sequences from the support, this ratio must be constant for any
y<t 2 supp(� � old (�jx)).

Therefore, there exists a functionCt (x) , which depends ont andx but not ony<t , such that for all
y<t 2 supp(� � old (�jx)):

eV � (x;y <t ) = C t (x) � eV (x;y <t ) :

Proof of Corollary 3.3.We consider the policy� 0 induced by the shifted value functionV 0, following
the form in Eq. 3. We substitute the conditioneV 0(x;y <t ) = C t (x) �eV (x;y <t ) into the policy de�nition:

� � old (y<t jx)eV 0(x;y <t )
P

y<t
� � old (y<t jx)eV 0(x;y <t )

=
Ct (x)� � old (y<t jx)eV (x;y <t )

Ct (x)
P

y<t
� � old (y<t jx)eV (x;y <t )

= � � � (y<t jx):

Since the termCt (x) does not depend on the integration variabley<t , it can be factored out of the
integral in the denominator and cancels. Thus, the induced policy is identical to the original optimal
policy.

B COMPARISON WITH DRO, OREO

Comparison with DRO (Richemond et al., 2024) DRO treats the language generation as a bandit
task, where the entire generationy is considered a one-step action. It minimizes the Soft Bellman
error, which is the same with Eq. 6. In this setting, the expectation over future steps in the soft value
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function collapses to the direct rewardR(x; y)=� . The MSE loss from Eq. 6 therefore simpli�es to
the following loss:

L DRO( ; �) =
�

log Z (x) + log
� � (y<t jx)

� � old (y<t jx)
� R(x; y)=�

� 2

: (10)

The gradient of LDRO w.r.t. � takes a form:

r � L DRO( ; �) = � (R(x; y) � log Z  (x)) r � log � � (yjx) �
�
2

r �

�
log

� � (yjx)
� � old (yjx)

� 2

: (11)

In this objective,log Z (x) acts as a baseline to reduce variance, and the second term is a regulariza-
tion penalty. Thus, DRO's training procedure involves optimizing two distinct objectives: Eq. 10 for
the value function and Eq. 11 for the policy.

Comparison with OREO (Wang et al., 2025) OREO extends DRO to a sequential decision making
setting, which allows step-level credit assignment. It trains its step-wise value function,V (x; y<t ),
by minimizing a Soft Bellman error, which takes the form of the MSE loss:

L OREO( ; �) =
�

V (x; y<t ) + log
� � (yjy<t ; x)

� � old (yjy<t ; x)
� R(x; y)=�

� 2

: (12)

Similar to DRO, the gradient of LOREO w.r.t. � takes the form:

r � L OREO( ; �) = � (R(x; y) � V  (x; y<t )) r � log � � (yjy<t ; x) �
�
2

r �

�
log

� � (yjy<t ; x)
� � old (yjy<t ; x)

� 2

:

(13)
In practice, the policy gradient is calculated only with respect to the action taken at the current step
� � (yt jy<t ; x), and .detach() is applied to the future-step decisions,

P T
i=t+1 log � � (yi jy<i ; x).

In contrast, our approach does not update the policy based on a single action at each timestept.
Instead, it learns by considering the entire pre�xy<t , which allows the model to implicitly learn the
value function V (x; y<t ) and directly assess the quality of partial sequences.

Online vs. Of�ine DRO and OREO are off-policy algorithms that primarily target of�ine settings
(learning from a �xed dataset). Our algorithm is also off-policy, as the behavior policy (� � old ) can
differ from the target policy (� � ). However, unlike those methods, it is particularly well-suited for an
online setting, as suitable of�ine datasets with the required K samples per query are rare.

C TASKS DETAILS

C.1 MATHEMATICAL REASONING

To ensure all models generate structured, step-by-step solutions for the mathematical reasoning task,
we utilize a instruction template. This template, shown in Figure 3, guides the model to break down
its reasoning, show intermediate steps, verify its solution, and provide a �nal answer in a speci�c
format. We use two types of rewards: one based on the correctness of the �nal answer, and another
based on proper formatting, speci�cally checking the presence of \\boxed{} in the response.

C.2 TEXT GENERATION

Helpful assistant We use the Anthropic HH-RLHF dataset (Bai et al., 2022) which contains human
preference data on helpful and harmless AI assistants. For the reward models, we adopt open source
reward models: one for helpfulness3 and another for harmlessness4 following the setting in (Yang
et al., 2024b). The �nal reward is a simple average of the two model scores, with each component
equally weighted at 0:5.

3Ray2333/gpt2-large-helpful-rewardmodel
4Ray2333/gpt2-large-harmless-rewardmodel
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Solve the following math problem step by step.
- Write each reasoning step clearly, starting with labels step1, step2, step3, . . .
- Show intermediate formulas and simpli�cations.
- Before giving the �nal answer, add a veri�cation step:
- You may use Python code, an alternative formula, or a quick logical check to con�rm correctness.
- If you detect a mistake, correct it.
- Conclude with the �nal answer inside LaTeX.

Format example:
step1: Restate the problem.
step2: Apply the relevant formulas.
step3: Compute intermediate results.
step4: Interpret the results.
step5: Verify the solution (with Python code, alternative calculation, or logical consistency check).
step6: State the �nal boxed answer.

—————————————— Few shot examples ——————————————

Problem: fProblemg
Assistant:

Figure 3: Instruction template used in mathematical reasoning task.

TL;DR summarization For this task, we use the Reddit TL;DR summarization (Stiennon et al.,
2020) dataset. Following the setup in (Yang et al., 2024b), we construct a reward function using
two open source models: one that rewards conciseness5 and another that rewards faithfulness to the
source text6. The �nal reward is calculated as a simple average of the two model scores, with each
component equally weighted at 0:5.

Prompt generation for text-to-image models Inspired by prior works on controlling text-to-
images models through prompt generation (Wen et al., 2023; Choi et al., 2024), we designed a dataset
for this task. The dataset is constructed by combining 856 animal activity scene descriptions from (Hu
et al., 2025) with 4 distinct artistic styles (Surrealism, East Asian Classics, and Impressionist). It
results in a total of 2559 (853 × 3) scene-style pairs. The dataset is split evenly into training and
test sets, with 1,712 pairs in each. Each artistic style is represented by three reference images, as
illustrated in Figure 4. The examples of animal activity scene descriptions are shown in Table 3. Given
a scene description and a target style, the model's task is to generate a text prompt that can guide
text-to-image models to produce an image in the required style while preserving the original scene's
context. The reward function consists of two components: a style score and a context preservation
score. The style score is calculated using a frozen CLIP model7. We compute the CLIP similarity
between the generated prompt (via the text encoder) and each of the three reference images (via the
image encoder), and then average the results. The context preservation score is the cosine similarity
between the generated prompt and the original scene description. The �nal reward is a weighted sum
of these two components with weights of0:7 for the style score and0:3 for the context preservation
score. All queries are formatted using the instruction template shown in Figure 5.

D IMPLEMENTATION DETAILS

All methods are implemented using thetrl library. For response generation during training, we
apply a sampling temperature of 0.7, top-p of 1.0, and top-k of 0.0. We also incorporate a KL-penalty
regularization term between the current policy and the initial pretrained model, controlled by a
coef�cient �.

The mathematical reasoning experiments were conducted on 8 NVIDIA H200 GPUs with a training
query batch size of 4 per GPU. We trained all methods for 4 epochs. During training, the maximum

5Tristan/gpt2rewardsummarization
6CogComp/bart-faithful-summary-detector
7openai/clip-vit-large-patch14
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